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0. INTRODUCTION 
Geometrical finiteness is a central concept in the study of hyperbolic 3-manifolds. The idea 
was first introduced by Ahlfors, who defined a discrete, torsion-free group, I, of isometries 
of hyperbolic 3-space to be geometrically Jinite if there exists a finite-sided, convex funda- 
mental domain for the action of r on W3. Ahlfors gave this definition in a paper where he 
showed that the limit set of such a group has zero or full Lebesgue measure in the 2-sphere 
at infinity [l]. Since that time, geometrical finiteness has become an important notion in 
three-dimensional hyperbolic geometry. For example, it has been conjectured that every 
finitely generated, discrete, torsion-free subgroup of Isom W3 is an “algebraic limit” of 
geometrically finite groups. 
There are other equivalent ways to formulate the idea of geometrical finiteness in the 
context of hyperbolic 3-manifolds. A definition due to Beardon and Maskit [4] states that 
a group I- c Isom W3 (discrete, torsion-free) is geometrically finite if the limit set of 
I- consists entirely of bounded parabolic fixed points and conical limit points. Another 
definition, due to Thurston [lo], says that I- is geometrically finite if the thick part of the 
convex core of W3/r is compact. A second definition of Thurston’s states that I is 
geometrically finite if a uniform q-neighborhood of the convex core of W3/r has finite 
volume. 
The notion of geometrical finiteness has been generalized to apply in the setting of 
n-dimensional hyperbolic orbifolds (complete, without boundary). In a paper entitled 
GeometricalJinitenessfor hyperbolic groups [S], Bowditch states five definitions of geometri- 
cal finiteness for any discrete group (not necessarily torsion free) of isometries of hyperbolic 
n-space, and proves their equivalence. 
Bowditch’s fifth definition, a generalization of Thurston’s second, says that r c Isom W” 
(discrete) is geometrically finite if(i) a uniform q-neighborhood of the convex core of W/r 
has finite volume and (ii) there is a bound on the orders of finite subgroups of r. It is known 
that (i) *(ii) in the following cases; the entire orbifold W/I’ has finite volume; the dimension 
n d 3; or r is finitely generated. This suggests that the result is true is general, i.e., that (ii) 
may be removed from the definition. In fact it has been widely suspected that this is the case. 
In this paper we show that this is not the case: There exist discrete groups r c Isom D-0” 
that contain subgroups of arbitrarily large order, but for which N,(core(W/r)) has a finite 
volume. In other words, we prove the existence of hyperbolic n-orbifolds M (complete, 
without boundary) with vol(N,(core(M))) <cc that are not geometrically finite. These 
oribifolds necessarily have infinitely generated fundamental groups. Our construction 
works for all n > 4. 
The main idea of the construction in dimension four is as follows. For i E N, we define 
groups Hi c Isom W4, which act effectively on hyperbolic planes Xi c W4 as subgroups of 
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Isom I-U’. We define groups Gi = (Hi, gi), where gi is an elliptic isometry fixing the plane 
Xi pointwise, with 1 gi 1 + CO. We then define I = (Gi 1 i E N). By construction I has finite 
subgroups of arbitrarily large order. We show that for each IZ E N, I, = (Gi 11 < i < n) has 
an amalgamated free product structure, and that I is discrete. To guarantee that the 
uniform v-neighborhood of the core of the quotient orbifold W4/I’ has finite volume, we 
show that for some k > 0, N,(core(W4/I)) IS contained in the k-neighborhood of the union 
of the projection of geodesic segments li c Xi. The trick is to define the group Hi (which 
determines the length of li), and the isometry gi, such that the volume Of Nk(li)/(gi) is small. 
In particular, we want x,2 1 length(li)/l gi 1 < CO. 
In Section 1 we give background information and state two definitions of geometrical 
finiteness. In Section 2 we prove preliminary results. In Section 3 we construct groups 
I c Isom I-4” and prove that they satisfy the necessary conditions. In the final section, we 
characterize the structure of any discrete group I c Isom W4 with vol(N,(core(W4/I))) < cc 
that is not geometrically finite. 
1. BACKGROUND INFORMATION 
1.1. Hyperbolic geometry 
We begin with a brief discussion of hyperbolic geometry in order to introduce our 
notation and terminology. 
We write W” for hyperbolic n-space. We can represent I-4” conformally as the open 
Euclidean unit ball D” c R” equipped with the metric 2ds/(l - r2), where r is the euclidean 
distance from the origin. The closed unit ball gives a canonical compactification of W”, 
which we denote by I-I;. We can then write WE = W”uW;, where I-U; is the (n - 1)-sphere of 
ideal points. 
We write Isom W” for the isometry group of W”. All isometries of W” extend to 
homeomorphisms of WE, and hence have a fixed point in WE by Brouwer’s fixed-point 
theorem. We classify the isometries of W” with respect o their fixed points. Let y E Isom I-U” 
be any isometry. We say that y is elliptic if y has some fixed point in W”. If y has no fixed 
points in RI”, and exactly one fixed point in I-I;, then y is parabolic. If y has no fixed points in 
W”, and exactly two fixed points in I-I;, then y is loxodromic. Note that if y fixes three or more 
points in WY, then y also fixes a point in W” and we are back in the elliptic case. 
It is well known that if I c Isom W” is a discrete group, then the quotient space I-Y/I 
inherits the structure of a complete hyperbolic orbifold. If I contains no elliptic isometries, 
then I-P/I is a complete hyperbolic manifold. Conversely, any complete hyperbolic orbifold 
(manifold) without boundary can be represented as W”/I, where I is a discrete (torsion-free) 
subgroup of Isom W”. Therefore, studying complete hyerbolic orbifolds is equivalent in 
some sense to studying discrete subgroups of Isom I-4”. 
Let I c Isom I-I” be discrete. Given any subset X E RI”, we write I {X} = (g(X) 1 g E I} 
for the orbit of X under I. The limit set of I, denoted by A(I), is defined to be the set of 
accumulation points of r{p}, for some point PE l-4”. Note that A(r) c W; and that this 
definition is independent of our choice of p E HI”. If I is infinite, then the limit set of I is 
a non-empty, closed, I invariant subset of I-U; and is minimal with respect o this property. 
The complement of the limit set in WY, denoted by Q(I), is the largest open subset of I-If on 
which I acts properly discontinuously. 
We define the convex hull of the limit set, denoted by hull A(I), to equal the intersec- 
tion of all compactified hyperbolic half-spaces of W” that contain A(I). The set 
hullA(I)nM” is then the smallest convex subset of W” whose closure contains the limit set. 
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It follows that hullA(T)nW; = A(r). The hull h(T) is I- invariant. We can, therefore, 
define core( Wn/IJ = (hull A(r)n W’)/T. 
We conclude this section with some definitions/notations. Let S be a subset of 
a topological space X and let G be a group of homeomorphisms of X. Then 
(1) Stab,(S) = CWMS) = s)). 
(2) Stab:(S) = ({gEGjVxES,g(x) = x}) and 
(3) fix G = (xEXjVggG,g(x) =x}. 
1.2. Geometrical finiteness 
In this section we state the Margulis lemma and two definitions of geometrical finiteness 
for a discrete group I- c Isom W”. For a proof of the Margulis lemma and a more detailed 
discussion of the definitions of geometrical finiteness, including the proof of their equiva- 
lence, we refer the reader to [S]. 
1.2.1. The Margulis Lemma, the thick-thin decomposition of M, and the first definition of 
Geometrical Finiteness. Given x E W” and E > 0, we write 
444 = {Y E Isom H”I dhyp(y(x), x) G E}. 
Let dl be any Riemannian metric on the unit tangent bundle TIW” of HI”, invariant under 
the action of Isom W”. 
Given x E W”, we write 
9;(x) = {y~Isom W”ldI(y(v),v) c E for each unit vector v based at x}. 
If r is a subgroup of Isom W”, we write T,(x) = (rn,$(x)) and T:(x) = (rn&(x)). 
MARGULIS LEMMA. For each n, there exists .Q (depending on d,), and E(n) and v(n) 
(depending on n) such that if r is any discrete subgroup of Isom W” and x E W” then: 
(1) r:,(x) is abelian. 
(2) [r,(x): (rE(x)nr:l,3(x)>l < v(n) for any ~~K4@41. 
Given 0 < E d E(n), let A,(x) denote (T,(x)nr;,&x)), the abelian subgroup of T,(x) of 
index < v(n). 
Let I-’ c Isom W” be discrete and let M = W/T. We define the thick-thin decomposition 
of M as follows. Let 
T,(r) = {xe Wnlrz(x) is infinite}. 
Then we define 
thin,(M) = TE(IJ/r c M 
thick,(M) = M\thin,(M). 
We call thin,(M) the thin part of M and thick,(M) the thick part of M. 
We can now give the first definition of geometrical finiteness. 
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Definition 1. Let I- c Isom W” be discrete. Then I- is geometricallyjnite if 
core(W”/IJnthick,(W”/IJ 
is compact for some EE(O,E(~)), where E(n) is the Margulis constant. 
1.2.2. The second dejinition of geometrical finiteness. Given a constant r > 0, and a set 
X contained in a metric space M, we write N,(X) = {y E M 1 d(y, X) 6 r> for the uniform 
r-neighborhood of X in M. 
Definition 2. Let I- c Isom W” be discrete. Then I- is geometricallyjnite if 
(i) N,(core(W”/T)) h as fi ‘t m e volume, for some q > 0, and 
(ii) there exists a bound on the orders of finite subgroups of I-. 
The question has arisen, whether or not condition (i) implies condition (ii). In other 
words, does vol(N,(core(W”/T))) <co imply that there is a bound on the orders of finite 
subgroups of r? This question has been answered in the affirmative in the following cases. 
The first case is when the orbifold E-V/r has finite volume. 
PROPOSITION 1.2.4. Ajinite volume orbifold (complete, without boundary) is geometrically 
finite. 
The second case is when n d 3. 
PROPOSITION 1.2.5. If M = W3/r is a hyperbolic 3-orbifold, and if for some y > 0, 
N,(core(W3/IJ) hasfinite volume, then there is a bound on the orders ofjnite subgroups of r. 
For proofs of Propositions 1.2.4 and 1.2.5, see [S, Propositions 4.7 and 4.141. 
In this paper we show that condition (i) does not imply condition (ii) in general. In 
Section 3 we prove that for n > 3 there exist discrete groups I- c Isom W” that have 
subgroups of arbitrarily large order, but for which N,(core(W”/T)) has finite volume. 
This has as a corollary the following Theorem. 
THEOREM 1.2.6. For n > 4, there exist discrete groups I- c Isom W” such that 
(1) N1 (core(W”/T)) has finite volume, yet 
(2) r is not geometrically jnite. 
Note that Theorem 1.2.6 would be false if we assumed that r was finitely generated. This 
follows from Selberg’s lemma. 
SELBERG LEMMA. Let F be a field of characteristic 0. Then any finitely generated group 
G c GL,(F) has a subgroup ofjnite index that is torsion-free. 
For a proof of the result see [2]. 
The isometry group Isom W” can be represented as a subgroup of GL,+ 1(R). Hence, if 
I- c Isom O-U” is finitely generated, then the index of the torsion-free subgroup of r given by 
Selberg’s Lemma gives a bound on the orders of finite subgroups of r. Therefore, a finitely 
generated, discrete subgroup of Isom E-U” satisfying condition (1) of Theorem 1.2.6 would be 
geometrically finite. 
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2. PRELIMINARY RESULTS 
It this section we state and prove results that will be used to prove Theorem 1.2.6. 
2.1. Amalgamated products and the Klein-Maskit combination theorem 
De$nition. Suppose we are given groups A, B and C and monomorphisms al: C + A 
and a2 : C + B. The amalgamated free product of A and B along C is the group G which fits 
into a commutative diagram 
with the following universal mapping property: Given a group H and homomorphisms 
y1 : A --f H and y2: B + H with ylal = y2a2, there exists a unique map cp: G -+ H such that 
VpPi = yi, i = 1,2. We write G = A *e B. 
It turns out that the maps fir and p2 are monomorphisms. We can, therefore, view A and 
B as subgroups of A *c B with AnB = C. 
We can represent he elements of A *c B as follows. Let TA and TB be sets of representa- 
tives of the right cosets of C in A and B, respectively. We impose the restriction that the 
identity coset C be represented by the identity element. It is a standard result that any 
element g E A Q B can be written uniquely in the form 
albl . . . a,b,c 
where ai E TA, bi E Ts, c E C, and ai = id 3 i = 1, bi = id + i = m. This is called the normal 
form of the element g E A + B. 
We conclude with a geometric criterion for (A, B) z A + B. This result is an elemen- 
tary part of the Klein-Maskit Combination Theorem [9]. 
COMBINATION THEOREM. Let X be a topological space and let A, B and C be groups of 
homeomorphisms of X with CS A, B. Suppose there exist non-empty subsets RI and R2 c X 
such that 
(1) RInR2 = 8, 
(2) C(Ri) = Ri, i = 1,2, 
(3) (A\C) maps RI into R2, and 
(4) (B\C) maps R2 into a proper subset of RI. 
Then (A, B) = A ec B. 
For a proof of this result see [9], A.lO. 
2.2 The nearest point retraction 
Let C be a closed, convex subset of E-U;. We define a retraction p: [HI: + C. If XE C, then 
p(x) = x. If x E W”\C, then there exists a constant r > 0 such that the closed ball centered at 
x with radius r, B,(x), is disjoint from C. Let r’ ~(r, + 00) be the first radius such that 
B,(x)nC # 8. The convexity of C implies that B,,(x)nC consists of a single point y. We 
define p(x) = y. If x E Wf\C, we do the same construction with horoballs centered at x. As 
before, we define p(x) to be the first point of contact between C and a closed horoball 
centered at x. 
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PROPOSITION 2-2.1. p: WE --+ C is continuous. 
For a proof of this result see [S]. 
For the purposes of this paper we will be interested in the map p: WE + X, where X is 
a (compactified) hyperbolic plane in W”. In this case, we refer to p as the orthogonal 
projection map from WE onto X. 
PROPOSITION 2.2.2. There exists a constunt M > 0 such that if (Zj) z 1 is a Jinite set of 
(compactified) hyperbolic planes in E-II: with 
(i) Zi_LZi+ 1 (let xi = ZinZi+ I), and 
(ii) dt,,,(Zi, Zi+2) = dhyp(xir xi+ I) 2 M, 
then ~1 (U~~Zi) c D,(xl), where D,(xI) denotes the unit disk in ZI centered at x1, and 
p1 : U-l: + Z1 is the orthogonal projection map. 
Proof. Suppose that C is a closed, convex subset of Hs. Recall that 
Stab&, w4 (C) = ((g EIsom HI41 Vxe C, g(x) = xl). Note that the nearest-point retraction 
map p:W:-+ C is Stab~~~~~~ (C)-equivariant. Hence, for g E Stab~~~~~~ (C), &g(x)) = 
Q(P(4) = P(X)* 
We first show that there exists a constant M’ > 0 such that the following is true. Let 
X and Y be orthogonal (compactified) hyperbolic planes in O-O; with x = Xn Y. Let px and 
py be the orthogonal projection maps onto X and Y, respectively. Then dhyp(x, ox(y)) < 1, 
for any point yo O-U: with d~~*(~,~r(y)) 2 M’. 
Note that it suffices to prove the above for a fixed pair of orthogonal hyperbolic planes 
X, and Y, with x, = X,nY,. 
To prove the result in this case, let a be any point in W fn Y,, and consider the geodesic 
segment [~,,a]. By the continuity of px, there exists a point bE(x,, a) such that 
d~~~(x~,p~~(y)) < 1 for any point y~pF_r @,a]. (see Fig. 1). Let M’ = dhyp(xo,b). The 
Stab~*~~4 (X~)-equivariance of px,: W$ + X0 implies that M’ is independent of the point a. 
In other words, dhyp(xO,pXO(y)) d 1 for any point ye L-U: with dhyp(x,,py~(y)) > M’. 
Now let M = M’ + 1. Assume that {Zi} y! 1 is a finite set of hyperbolic planes which 
satisfy conditions (i) and (ii) above. Let pi denote the orthogonal projection maps onto Zi. 
The statement above implies that P~_~(Z~UZ~_~) is contained in the unit disk in 
Z,_, centered at the point x,_~. Continuing in this manner, we conclude that 
pl(Urz”=, ZJ c Dr(xJ, as claimed. n 
We conclude this section with an elementary result that will be used throughout the 
paper. Let S be a subset of a k-dimensional hyperbolic subspace, U-U“, of [HI”. Let pwh denote 
the nearest-point retraction from 0-U: onto the compactification of Wk. Given a constant 
c > 0, we define S x BzPk = (x E W”I pni(x) E S and dhyp(x, P&x)) G c). 
PROPOSITION 2.2.3. Let S be a subset of a k-dimensional hyperbolic subspace, ll?Jk, of E-U”. 
Assume that the k-dimensional hyperbolic volume of S is finite. Let c > 0 be a constant. Then 
there exists a constant C > 0 depending only on c, n and k, such that vol”(S x B:-k) < 
c voI*(S). 
Proof: We can find a countable set of k-dimensional balls of hyperbolic radius ri, 
B:,, contained in S, such that volk(S) = 1,: 1 volk(BF,). We can, therefore, assume that S 
is a k-dimensional ball in Wk of hyperbolic radius r. The result then follows from a 
calculation. n 
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Fig. 1. 
2.3. A Fuchsian group 
In this section we prove a Proposition about a Fuchsian group generated by two elliptic 
isometries. This Proposition will be used in the proof of Theorem 3.2.1. 
We first introduce some notation. Given a point XE W2 and ZE W$\{x}, we write xz for 
the unit tangent vector based at x in the direction of z. If y is another point contained in 
Wg\,(x}, we write y?z for the angle measured counter clockwise from xy to xz. Finally, if 
x,ye WE, we write [x, y] for the (possibly bi-infinite) geodesic segment from x to y. 
PROPOSITION 2.3.1. Let f and g in Isom W2 denote clockwise rotations about points p and 
q in HI’ of order m and n, respectively. Assume that m d n. 
(i) (A g) is a discrete subgroup of Isom W2, 
(ii) (f, s> = U> *<g), and 
(iii) there exists C > 0, such that area(N1(hullA(f, g)/(A g))) < Cdhyp(p, q). 
Proof We may assume that the points p and q lie on the x-axis in the Poincare model of 
W2. Let a, b, c, dE W: be points such that ap^q = qp^b = n/m and pq^d = cq^p = n/n. Let R1 be 
the closure in W2 of the connected component of W2\{[q,c]u[q,d]) that does not contain 
the point p, and let R2 be the closure in W2 of the connected component of 
W2’\{[p,a]u[p, b]} that does not contain the point q (see Fig. 2). 
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Fig. 2. 
A calculation will show that if d,,,(p,q) > cash- ‘((1 + cos2 ($n))/sin2 (n/la)), 
regions RI and R2 are disjoint [3, Theorem ‘7.10.1; Theorem 7.38.2, Remark]. 
then the 
Proof of (i). Define B to be a closed disk in E-Ii2 such that Bn(R,uR2) = 8. Since 
any non-trivial element of (f,g) maps B into (R,uR2), B is a compact subset of W2 on 
which any non-trivial element g E (f, g) is far from the identity. We conclude that (f, g) is 
discrete. 
Proof of (ii). It follows from an elementary application of the Combination Theorem 
that (f;g> g <f> * (9). 
Proofof(iii). The region 9 = W2\(R,uRZj is a fundamental domain for the action of 
(f,g) on Hz. Let L1 denote the unique geodesic orthogonal to both [p,b] and [q, c]. Let 
Lz denote the unique geodesic orthogonal to both [~,a] and [q,JJ. Let x = L,n[p, b], 
y = LlnCq, c], x’ = Lzn[p, a] and y’ = L,n[q,d] (see Fig. 3). One can use the symmetry of 
the picture to show that (hull A (f, g) n9) is the convex 6-gon in U-U 2 with vertex set equal to 
(p, x, y, q, y’, x’}. Hence, by the Gauss-Bonnet theorem, area(core(O-U ‘/( A 9,))) = 
2afl - (l/m) - l/n). 
Let M denote the quotient orbifold HI”/{ f; g>. By Proposition 22.3, there is a constant 
k > 0 such that area(Nr (coreM)) < 27t + kdhyp(x, y) + kdhyp(x’, y’) = 27~ + 2kdhyp(x, y). If 
dhyp(x,y) < 1, then area(N1(coreM)) is bounded. We may, therefore, assume that 
~~~*(~,y) 3 1. However, this assumption implies that there is a constant X > 0, independent 
of n and m, such that {x, y, x’, y’} c: NK[p, q]. (For an explanation of this fact, please see the 
text below Fig. 4.) Thus, N,(hullA(f;g))&? c N K + 1 [p, q]. Applying Proposition 2.2.3 
again, we conclude that there exists C > 0 such that area(N~(core~)) < Cd,,,&,q), as 
needed. n 
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Fig. 4. Let Z and z’ be points, as shown above, with d,,,fZ,Z’) = I. If&,(X, Yf 2 t, then the hy~~b~licstr~p, S, 
of width 1 and length d,,p(Z,X) is contained in Dnhull{f; g}. This implies that d,,p(X, 2) < k, for some constant 
k, ~~d~odeRt on n. We coriclude that X E A’,, 1 [P, QJ 
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3. PROOF OF THEOREM 3 
THEOREM 3. Fur II 2 4, there exist discrete groups r c Isom !-!J” such that: 
(1) r has subgroups of arbitrarily large order, and 
(2) IV1 (core(W/r)) has finite volume. 
Note that it suffices to prove the existence of r c Isom Di14. To see this assume that 
r c Isom W4, discrete, satisfies properties (1) and (2) above. For any n > 4, r is naturally 
isomorphic to lr’ c Isom E-U” which preserves a four-dimensional hyperbolic subspace W4 of 
E-O” such that the action of r’ on U-U4 is isometric to the action of r on W4. r’ is thus a discrete 
subgroup of Isom W” satisfying Condition (1). By Proposition 2.2.3, r’ satisfies Condition (2) 
as well. 
3.1. C0mwth 0fr c Isom H4 
Fix E E (0, e(4)), where s(4) denotes the Margulis constant in dimension four. Let M be the 
constant given in Proposition 2.2.2. Choose a positive integer m such that if g E Isom Hz 
is a rotation about the origin of angle 2q/m, then the circle defined by 
(x E Hi2 1 ~~~~{~,g(x)) = E] has radius greater than ll/i + 1. We assume that m is greater than 
the constant v(4) of the Margulis lemma. 
We can now define r c Isom Oil4 as follows. Choose points (pi)isN and corresponding 
planes {Xi}i,N such that 
(i) XA-Xi+ it 
(ii) XinXi+i = pi, and 
(iii) dhyp(Pi,Pi+ 1) = 2(i + 2)In(m). 
Let {Si}ieN c Isom(W4) be orientation preserving isometries with 
(i) 1 (gi) j = mi, and 
(ii) fix(g,) = Xi. 
We then define I- = (gijiEN>. 
3.2. Discreteness of F 
THEOREM 3.2.1. For every k E (2,3,4, . . . >, let & = (gk-l,gkil), let Gk = (gk-l,gk, 
gk+ 1), and let rk = (G,, G4, . . . , Gzk). Then 
(1) Hk = (gk-1) * (gkflh 
(2) Gk = Hk x ($?kh 
(3) rk g (32 & Gts <,:, *** <g;_l> G2kr and 
(4) r is a discrete subgroup of Isom W4. 
ProoJ: 
(1) d~~~(pk-l,pk) = 2@ + l)ln(m) > In ’ 2 sin2 (~/2mk+ ‘) 1 - ~os(~/mk + ‘) > 
, ln 1 + cos(n/mk+ ‘) 
( 1 - cos(x/m”+‘) ) ’ 
Proposition 2.3.l(ii) then implies that Hk = (gk_-l,gk+l) Z (gk_l)*(gk+l). 
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Note that we can apply Proposition 2.3.1(i) to see that Hk can be represented as 
a discrete subgroup of Isom W2. By our choice of the integer m, the Margulis lemma then 
implies that given k E {2,3,4, . . . > and two points x and y contained in the orbit of { pk _ 1, pk} 
under Hk, d,,,(x, y) > 2M + 2, where M is the constant given in Proposition 2.2.2. 
(2) Since Xk is orthogonal to both Xk_ 1 and Xk + 1, gk comutes with gk _ 1 and gk+ 1. As 
Hkn(gk) is the trivial group, it follows that Gk g Hk x (gk). 
(3) We will prove by induction that Ik r G2 * G4 * ... * 
<Yl) <YS) <g,k-1) 
Gzk. 
To prove this we will use the following notation. Given a point p E W4, let B,(p) denote 
the closed unit ball in W4 centered at p. For every in N, we then define 
H;, + 1 d&f {reduced words in Hzi+l of the form u1a2 . . . a,,, with id # a1 ~(g~~)}, 
H,Bi + 1 d&f {reduced words in Hzi+ 1 of the form 4iu2 . . . a, with id # a, E (g2i+2)), 
XZi,, d&f HTi+l{B,(PZi)UB1(P2i+l)}r 
Xti+ 1 %f H~i+l{Bl(P,i)uB1(P2i+l)}. 
Note that the free product structure of Hzi+ 1 implies that X2Tii+l and X~i+l are disjoint 
(see Fig. 5). . 
LEMMA 3.2.2. Let pj: Wt -+ Xj denote the orthogonal projection map.‘Let x E W4 and 
f~ G2i be given such that either 
(9 Pzi-1(X)EXZi-l andfEGZi\(g2i-1) or 
6) P2i+l(X)EX;i+l andfeG2i\<gzi+1). 
Then p2i-l(f(x))EX~i-1 and P2i+l(f(x))EXTi+l. 
Proof Suppose that (i) holds. 
Case 1. First assume that f(PZi_1) # pxi-1. Since p2i-1(X)EXti-i, dhyp(pZi_1(~), 
p2i.. I) 2 M, where M is the constant from Proposition 2.2.2. (see the Note after the proof of 
Fig. 5. 
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xi?i- 
X = &-I(X) 
F(X) = m-1@-(X)) 
Fig. 6 
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Theorem 3.2.1 (1)). Proposition 2.2.2 thus, implies that Pzi(x)E Bi(p,i- 1). Hence, 
P2i(fCx)) =f(P2i(X))EBl(f(P2i-l)). Sincef(b- 114 {PZi-19PZi}, we can apply Proposition 
2.2.2 again to conclude that P2i-r(f(x))EBl(pzi-1) c X:i-i and that Pzi+i(f(x))E 
Ri (pzi) c X,‘i+ 1 (see Fig. 6(A)). 
Case 2. NOW assume that f(Pzi-1) = p2i- 1. Our assumptions in this case imply 
that f acts on Xzi_1 as a non-trivial element of (gzi). Therefore, pzi_i(f(x)) = 
f’(~~~_~(x))~x~~_~\B~(p~~_~) (see Fig. 6(B)). We can then apply Proposition 2.2.2 to 
conclude that P2i+i(f(x))EBi(P2i) cXTi+i. The proof in the case where (ii) holds is 
similar. n 
Assume that rk satisfies the inductive hypotheses. We will use the Combination theorem 
to prove that r,+ 1 z r, * 
<Yzk+l) G2k+2. Let 
RI = PZ~~~(X!~+~) and R2 = LG~+~(X~T~+~). 
To apply the Combination Theorem we need to show that 
(a) R1nR2 = 8, 
(b) g2k+t (RI) = RI> 672k+l(R2) = R2, 
(4 rk\(g2k+l) maps RI into R2, and 
(d) G2k+2\(g2k+l) maps R2 into a proper subset of RI 
Condition (a) is satisfied because XT,‘+ inX& + I = 8. Since g2k+ I fixed X2k+ 1, Condition 
(b) holds. Lemma 3.2.2 proves that G2k+2\(g2k+l) maps R2 into RI. Moreover, for any 
elementxER2, Proposition2.2.2impliesthatp,,+,(x)~B,(p2k+,).Hence,givenf~G2k+2, 
~)2k+2(f(X))EBl(f(P2k+l )). Since P2k + 2 is not in the orbit of P2k + 1 under GZk + 2, this means 
that PZk+2 #f(x). In other words, Pzk+2E RI is not G 2ki2 equivalent o any point of R2. 
This proves that Condition (d) holds. Hence, to complete the proof we need only show that 
rk\(g2k+ 1 > maps R1 into R2. 
Let x be any point in RI andfcT,\(g 2k+ 1). We can eXpreSSfaS the product Of elements 
S=fmfm_i ...f2fi such that: 
(i) fiEGj for somejE{2,4, . . . ,2k} 
(ii) iffiEGj thenfi., $ Gj. 
By replacing x withf,(x), if necessary, we may assume that fi $ (&k+ i). 
We first define a function a: {fi}y= 1+ {2,4,6, . . ,2k} which satisfies the property that 
sic GNU. Define the function inductively as follows. 
Step 1. Define a(fi). 
IffiEGj for only one jE{2,4, . . . ,2k}, then define a(fi) = j. Otherwise, fi E (gh) for 
some h~{3,5, . ,2k - l> andflEGh_inG,+,. In this case define a(fi) = h + 1. 
Step 2. Assume a has been defined on {fi,f2, . . . , fi- 1 >. Define u(J). 
IffiEGjforonlyonejE{2,4, . . . ,2k}, then define u(h) = j. Otherwise,fiE (gh) for some 
hE{3,5, . . . ,2k - l> andfiEG,,_inG,,+i. In this case we define 
a(“0 = 
i 
h - 1 if u&i) < h 
h + 1 if u(fi_i) > h. 
To show thatf(x) E R2, we first look at fi (x). Since x E RI, Proposition 2.2.2 implies that 
P.(/, l + I (-4 E hM.6 1 + 1) = X$lJ + 1. BY the definition of a, h $ <gacf,, + J. Hence, we 
can apply Lemma 3.2.2 to conclude that pacf,)_ l(fi(~))~X~~~,I)_, and that 
Pat/,1+1 MX)kGfi)+l. 
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Now assume that 
(*I 0) A(L,)-I U-I . ..fi)(x)~X~(.,~,)-,, and 
(ii) P.(L_,, + 1 u-1 . ..fmkx.,,_,,+l. 
If a(A) < a(fiml), then condition (*) (i) and Proposition 2.2.2 imply that pocf,)+ I 
ui- 1 . ..fl)wX.(f,)+l. By our choice of a(J), we know that fi $ (gQcl;)+ 1). If 
a(&) > a(fi- 1), then it follows from condition (Ir) (ii) and Proposition 2.2.2 that pncf,) _ , 
(fi-I ...fd4~x$~,-1.O ur choice of u(J) in this case implies that A $ (gacf,) _ ,). In either 
case, Lemma 3.2.2 implies that 
(i) PO(S) - 1 (fifi- 1 . . . fi) (x) E X&,, _ 1, and 
(ii) P.(/,, + 1 (fifi-1 . ..fi)(X)EXT(f.j+l~ 
It follows that I + l(f(x)) E X& + 1. Proposition 2.2.2 then implies that pzk+ 1 (f(x))~ 
Xzk+i. Thus,f(x)E&. 
We can now apply the Combination theorem to conclude that 
I-k+l EG~>G~ * ... * G2k+2. 
3 (85) G72rt I)
(4) If I is not discrete then there exists a sequence {ri} of distinct elements of I, with 
yi(x) + x, uniformly on compact subsets. 
Recall that B,(pJ denotes the closed unit ball in E-U4 centered at the point pr. Given 
k~{2,3,4, . . . }, let rg = (G4, . . . , Gzk). Condition (3) states that Ik is isomorphic to the 
amalgamated free product of Gz and r; along (9s). By Lemma 3.2.2, G2\(g3) maps 
p;r(X$) into p;r(Xf). Furthermore, the proof in (3) that f(R,) c R2, for any element 
f~ rk\(gzk+ r), shows that r;\(g3) maps p; ‘(XT) into p; ‘(X$. It follows, using methods 
from Lemma 3.2.2 and Theorem 3.2.1(3), that if gcI and g(B,(pr))nB,(pi) # 8, then g lies 
in the finite subgroup (gl, g2). We conclude that B1 (pr) is a compact subset of W4 on which 
any non-trivial element g E I is far from the identity. Hence, I is discrete. n 
3.3. Finite volume of N,(core(W4/I)) 
THEOREM 3.3.1. N,(core(W4/IJ) hus$finite oolume. 
Proof: Recall that given a group G and a set X, we write G(X) for the orbit of X 
under G. 
We first prove that there exists a constant K > 0 such that 
N,(hull A(I)) c I{ UE 2 N,(hull A(Hi))}. 
Let p1 = XlnXz be the point defined in Section 3.1. Given two points x,y~ E-U& recall 
that [x, y] denotes the (possibly bi-infinite) geodesic segment from x to y. 
CLAIM 1. To prove that N,(hullA(T)) c r{Uim,z NK(hul1 A(Hi))} for some K > 0, 
it sufJices to show that there exists a constant K’ > 0 such that [pl,f(pl)] c r{ug2NKf 
(hull A(Hi))} for any element f~ I-. 
Proof of Claim 1. We will apply the following two Theorems. 
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THEOREM A. For any subset M of R”, the convex hull of M is the set of all convex 
combinations 
i ~ixi where i pi = 1 
i=l i=l 
suclz that .(x1,x2, . . . , xk > is an afJinely independent family of points from M. 
Note that the condition of affine independence implies that k 6 n + 1. For a proof of 
Theorem A see [3]. 
THEOREM B. Let S, denote the set of all n-simplices in WE having hyperbolic faces. Then 
the volume function has a maximum v, on S,. (Moreover, v, is the volume of all and only the 
regular ideal simplices.) 
For a proof of Theorem B see [6]. 
Theorem B implies that there exists a constant r,, depending only on n, such that for any 
point x E W” and any hyperbolic n-simplex S containing x, the ball of radius r, centered at 
x will have non-empty intersection with a proper face of S. Thus, we can derive the 
following. 
COROLLARY. There exists a constant c,, depending only on n, such thatfor any point x E E-U” 
and any hyperbolic k-simplex S containing x with vertex set, vert(S) = {v,,, vi, . . . ek), there 
exists two vertices vi, vjE vert(S) and a point y E [vi, vj] such that dhyp(x, y) < c,. 
Now let x E W4 be any point in hull A(I). By Theorem A we know that x is contained in 
a hyperbolic ideal k-simplex S with vert(S) c A(I). The corollary to Theorem B then implies 
that there exists two points p, q~vert(S) c A(r) and a point YE [p,q] such that 
dhyF(x, y) < c4. We conclude that given any point x E N, (hull A(r)), x E NC4 + i [p, q], for two 
points p, q E A(I). 
Hence, to prove that N1 (hull A(I)) c I { us z NK(hull A(Hi))) for some K > 0, it suffices 
to prove that [p, q] c r(Us2 N,(hull A(H,))} f or any two points p, qEA(r). However, 
since A(I) equals the set of accumulation points of T{pt}, we need only show that [h(pI), 
k(pi)l = r{Ui”=2NdhullNK))} f or any two elements h, kE r. Since the set on the 
right-hand side is invariant under I, this is equivalent to showing that 
[pI , f (PI)] c r{ IJE2 N,(hull A(Hi))} for every fe r, as claimed. n 
CLAIM 2. Let fer be any isometry. Then there exists a finite ordered set of points 
{ al,a 2, .” a,> c W4 such that 
(9 al = p1 and a, =f(pl), 
(ii) d&ai, ai + I ) > 2M + 2, where M is the constant given in Proposition 2.2.2, 
(iii) the geodesic segments [ai_ 1, ai] and [ai, ai+ J are contained in orthogonal hyperbolic 
planes, and 
(iv) for every iE{1,2, . . . m - l}, 3J;:EI such that fi{ai,ai+l} c Hj{pj_l,pj) c 
hull A(Hj), for some j E { 2,3,4, . . . ). 
Proof of Claim 2. It is not difficult to believe that Claim 2 is true if one considers the 
orbit of { I,_)~?= i Xi} under r. This set S = I {u ,z 1 Xi} is connected. Any two planes in 
S intersect orthogonally. Furthermore, forfe I’ and i > 1, the intersection off (Xi) with the 
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set of planes in S orthogonal to f(X,) is equal to f(Hi{ Pi- 1,pi)). It follows that the 
appropriate points in a distance minimizing path between p1 andf(p,) in S will satisfy 
conditions (ii), (iii) and (iv) above. 
For a more rigorous argument consider the following. 
Recall that &,,(y, Z) > 2M + 2, for any two distinct points y, z E Hi{ pj- 1, pj}. It follows 
that (iv) * (ii). 
Let S be the set of all x E W4 such that there exists a finite ordered set of points 
{Pr = a1,a2, ... , a,,, _ 1, a,,, = x} which satisfy Conditions (iii) and (iv) above. Clearly, pr E S. 
Hence, to prove Claim 2 it suffices to show that if x E S and gi E {gi} ,z 1, then gi(x) E S. 
Let gi E {gi}: i be given. We first show that gi(pi)E S. If i = 1,2, then this is clear. If 
i > 2, then the points {~1,~2, +.+ ,pi-2,gi(pi-2),gi(pi-3), . . . , gi(pl)} satisfy Conditions (iii) 
and (iv) above. Hence, gi(pi)E S as claimed. 
Let x E S be given. Assume that { p1 = al, a2, . . . , a,,, = x}is a finite ordered set of points 
which satisfy conditions (iii) and (iv) above. Note that the points {gi(pl) = 
Si(al), 9da2)3 ... Y gi(4n) = C7iCx)) a so l satisfy conditions (iii) and (iv). 
NOW consider the ordered set of points P = {pl,p2, . . . ,pi-2,gi(pi-2),gi(pi-3), . . . , 
Si(P1) = 9i(Ul)3 Si(a2), *.* , gi(am) = gi(x)>y obtained b y adding (in order) the points from 
gi(pi) to gi(x) to the points from p1 to gi(pi). The points in P satisfy conditions (i) and (iv), 
but they may not satisfy condition (iii). To fix this, consider three consecutive points 
{ck-irck,ck+i} = P. BY condition (iv) there exist f; heI such that f{ck_i,ck} c 
Hj{Pj-i,Pj}, and h{ck,ck+i} c HI{PI-I,PI), for SOme j, 1~{2,3,4 . . . }. Thus, 
f-‘(Xj)nh-‘(Xl) # 0. It f o 11 ows from the Margulis lemma thatf - ’ gjfand h- ‘glh comute. 
Hence, the planesf - ‘(Xj) and h-‘(X,) are either equal or intersect orthogonally. In the 
latter case, the geodesic segments [ck_ i,cJ and [c k , c k+l] are contained in orthogonal 
hyperbolic planes, as required. So assume that f - ‘(Xj) = h-‘(X,). One can use methods 
from the proof of Theorem 3.2.1 to show that Stabr(Xi) = Gi. It follows that distinct 
planes in {Xi},“,1 are inequivalent under I. Hence, Xj = XI, and so fh-’ E Gj. By 
assumption h(~k+l)~Hl{pl-l,pl} = Hj{pj-l,pj} = Gj{pj-i,pj). Therefore, f(~k+l) = 
(fh-l)(h(c,+l))~H~{p~-l,pj}. Since the pointsf(c,_,) andf(ck+r) are both contained in 
Hj(pj_ 1, pj>, we can remove the troublesome point ck from P. By removing points from P in 
this manner, we may assume that the points in P satisfy condition (iii). We conclude that 
gi(x) E S. This completes the proof of Claim 2. n 
Now let f be any isometry contained in F and let {pl = a,, a2, . . . , a,,, =f(pl)} be the 
finite ordered set of points given in Claim 2. We will show that there exists a constant K’ > 0 
such that [pl,f(pl)] = [al,a,l c UyL-1’ NK’Cai,ai+ll. 
By Condition (iii) of Claim 2, there exist hyperbolic planes { Yi)yli’ such that 
[ai,ai+i] c Yiand YiI Yi+i. Let rti:Wg + Yi denote the orthogonal projection map from 
Wg onto Yi. 
We first inductively define a finite partition {al = bl, b2, . . . , b,_l = a,,,} of [~~,a,] 
with the property that biENz[ai,ai+ 11 and dhyp(ni+l(bi),ai+l) < 1. (see Fig. 7). Let bl = al. 
Assume that bi- 1 E Nz [ai- 1, ai] has been defined and that dhyp(ki(bi_ I), ai) d 1. Condition 
(ii) of Claim 2 and Proposition 2.2.2 imply that dhyp(Ki(am),ai+ 1) < 1. Thus [~i(bi_,), 
ni(a,)] c Ni[ai,ai+l]. Let mi be the midpoint of [ni(bi-1),ni(a,)], and let Zi,Zm,, and 
Zi be the hyperbolic planes orthogonal to Yi that contain the points bi-1, mi, and a,,,, 
respectively. By condition (ii) of Claim 2, dhyp(mi, ni(bi- 1)) = dhyp(mi, Zi(Um)) > M. There- 
fore, Proposition 2.2.2 implies that n,,(Zi) = rc,,,,(Zi) c Di, where Di is the unit disk in 
Z,J centered at the point mi, and rc,,,* : HI: + Z,, is the orthogonal projection map. It follows 
that hull(Zi, Z:)nZ,( c Di. We can now define bi = Din[bi_l,a,] (see Fig. 8). Since 
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I 
i *i+l 
Fig. 8. 
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dhyp(bi,mi) < 1, we know that bi c Nx[ai,ai+t], and that dhyp(ni+i(bi),ai+i) =
d,,,(~i+l(bi),71i+l)(mi)) Q 1 is needed. Finally, define b,- i = u,. 
Choose c > 0 such that if X and Y are orthogonal geodesics in W2, then 
hull(X, Y) c N,(XU Y). By construction, [bi, bi+ 11 c Nz(hUll{Ui, Ui+ 1, Ui+z}). It fOhWS 
that [Ul,U,] = uy<lz [bi, b,,,] c lJyrI’ N2+c[ai,ai+I]. Condition (iv) of Claim 2 then 
allows us to conclude that [pi,f(~i)] = [ al, a,] c I{u,:, N,+,(hUllA(Hj))}. By Claim 1, 
this completes the proof that there exists a constant K > 0, such that 
Nt(hullA(F)) c I{u,“,, N,(hUllA(Hj))}. 
We conclude that 
vol(N,(core(W4/I))) < f vol((NK(hul1 A(Hi)))lGi) 
i=Z 
= iE2 h VOl((Ndhull A(Hi))YHi) 
m c 
Q i;2 m area((NK(hullA(Hi))nXi)lHi), C > 0
G i$2 fi dhyp(Pi- 12 Pi), C’ > 0, 
= 2c, f (i + l)ln(m) 
<Co. 
i=2 mi 
The transition from lines 1 to 2 above follows from the fact that hull A(Hi) c Xi and gi acts 
as an elliptic isometry fixing Xi. The transitions from lines 2 to 3 and from lines 3 to 4 follow 
from Propositions 2.2.3 and 2.3.1 (iii), respectively. n 
4. COUNTER EXAMPLES IN DIMENSION FOUR 
In Section 3 we gave counterexamples to the conjecture that a discrete group 
I c Isom I-I” is geometrically finite if and only if N,(core(Iil”/F)) has finite volume. In this 
section we characterize any counter example in dimension four. 
THEOREM 4.1. Let I be a discrete subgroup of Isom I-U4 such that N,(core(Iil”/I)) has 
finite volumefor some n > 0. Assume that r is not geometricully~nite. Then there exist infinite 
sets ofisometries {gi}, {hi} c r and (compuctified) hyperbolic planes {Xi}, { Yi} c E-Us which 
satisfy the following conditions: 
(1) fix(gi) = Xi and fix(hi) = Yi, 
(2) Xii Yi, and 
(3) min{IgiI, Ihil} -+a. 
In particular, there are an infinite number of isolated singular points in core(W4/r). 
Fix 0 < E < v(n), where s(n) is the Margulis constant. 
Before proving Theorem 4.1, we state some preliminary results. 
PROPOSITION 4.2. Let r be a discrete subgroup of Isom W”. Then there exists a constant 
k(n) > 0 such that ifdhyp(x, y) < k(n), then A,(x) and A,(y) are both subgroups of an ubelian 
group (namely, ILL(x)). 
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Proof: Let d1 be a Riemannian metric on the unit tangent bundle of HI”, invariant under 
the action of Isom HI”, and let s1 be the corresponding constant from the Margulis lemma. 
Let v, be a fixed unit tangent vector based at any point XE O-L”. We may assume that 
d1 induces the standard topology on TIlti”. Thus, we can choose a constant k(n) > 0 such 
that for any point y E W” with dhyp(x, y) < k(n) there exists vY E T1 W” based at y such that 
dI (v,, v,,) < s1 /3. The homogeneity of d1 implies that the above remains true if we fix a1 and 
choose v, arbitrarily. 
Let x and y be any two points in Ii-O” with d,,,(x, y) < k(n). As it is clear that 
A,(x) c I:,(X), we need only show that A,(y) c I:,(X). Choose gEA,(y)nY$(y), and let 
v, be any unit tangent vector based at x. Since d,,,(x, y) < k(n) we know that there exists 
a unit tangent vector v, based at y such that dl(vx, v,,) < s1 /3. This implies that di(v,, g(v,)) < 
2&(v,,v,) + &(v,,g(v,)) < ai, and thus, gEK1(x). Since A,(Y) = ({4(yW&dy)}), we 
have shown that A,(y) c rL1(x). n 
Definition. A subgroup G of Isom E-U” isparabolic if fixG consists of a single point p E I+;, 
and if G preserves etwise some horosphere about p. 
Definition. A subgroup G of Isom W” is loxodromic if G preserves etwise some bi-infinite 
geodesic and contains a loxodromic element. 
PROPOSITION 4.3. If G c Isom W” is discrete and virtually abelian, then G is parabolic, 
loxodromic or finite. 
For a proof of this result see [5, Lemma 3.3.21. 
The Margulis lemma and Proposition 4.3 imply the following: 
COROLLARY 4.4. The group T,(x) is either parabolic, loxodromic orfinite. Thus,jx T,(x) 
either consists of one or two points in II-U ;, or is a non-empty (compactified) subspace of WE. 
Similarly for the group A,(x). 
We conclude the preliminary results with the following two observations. Assume that 
I is a discrete orientation preserving subgroup of Isom W4. The first observation is that the 
pointwise stabilizer of a hyperbolic plane X c E-U4 in I is a finite cyclic group. This is clear, 
as Stab:(X) acts effectively on any plane orthogonal to X in E-U4 as a discrete subgroup of 
Isom+ HZ. The second observation is that if two isometries which stabilize planes pointwise 
commute, then the planes must either be equal or must intersect orthogonally. This follows 
from the fact that if two isometries g and h commute then g leaves fix(h) setwise invariant. 
We now prove two lemmas needed in the proof of Theorem 4.1. 
LEMMA 4.5. Let r c Isom W” be discrete. Assume there exists an infinite set of distinct 
points {xi} c hull(A)nW” and a corresponding set of points {yi> c 0-U” which satisfy the 
following conditions: 
(1) dhyp(xi, yi) < k(n)/3, where k(n) is the constant given in Proposition 4.2, 
(2) 1 T,(yi)l < N, for some NE N, and 
(3) given any fe T’ and any i # j, the group generated by the elements of A,(xi) and 
A,(f (xj)) is not abelian. 
Then for every y > 0, N,(core(W”/T)) has injnite volume. 
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Proof It suffices to show that NkcnjlZ (core(H”/I)) has infinite volume. Choose 
r < min{k(n)/6, s/4) and let B,(yi) denote the n-dimensional ball about yi of radius r in W”. 
Condition (2) implies that vol(n(B,(yi)) > V,/N, where V, is the volume of an n-dimensional 
ball of radius r in W”, and rc: U-U” + H”/F is the canonical projection map. 
To finish the proof we need to show that B,(yi)nf(Bl(yj)) = 8 for everyfer and i #j. If 
not, then there exists i #j,f~ r such that d,,,(yi,f(yj)) < 2r < k(n)/3. Hence, by Condition 
(1) dhyp(xi,f(xj)) < k(n). Proposition 4.2 then implies that the groups A,(xi) and A,(f(xj)) 
are both subgroups of a third abelian group, a contradiction to Condition (3). n 
LEMMA 4.6. Let r be an orientation preserving discrete subgroup of Isom W4 such that 
N,(core(W4/I)) has a3nite volumefor some y > 0. Let S = { gi> be an infinite set of isometries 
of r such that 
(1) jix(gi) = Xi, where Xi is a (compactijed) hyperbolic plane, and 
(2) Igil-+ a. 
Then there exists an infinite subset S’ c S such thatfor any pair of distinct isometries gi, gj~ S’ 
and for any fc l7, the commutator [gi, f gj f - ‘1 is non-trivial. 
Proof: Without loss of generality, we may assume that (gi) = StabF(Xi). By Condition 
(2) we may assume that no two isometries in S have the same order and thus, in particular 
that no two isometries in S are conjugate. We may further assume that lgil > v(4), where 
v(4) is the constant given in the Margulis Lemma. 
Let h be any isometry contained in S. Define a subset S(h) c S by S(h) = {g E SI g # h 
and [h,f g f -‘I = id for some fE r}. 
Step 1. Show S(h) is a finite set. 
Assume 3 an infinite index set I such that S(h) = {gi}ier c S. For each gie S(h), letJ;:E I 
be any isometry such that [h,figi f L’ ‘1 = id. Let Y = fix(h) and Yi = fiX( f;gi fi- ’ ). By our 
assumptions above, {Y, Yi}i.l is an infinite set of distinct hyperbolic planes. Since h and 
J gif;:-’ commute, Yi is orthogonal to Y, Vie:I. Let pi = Yn Yi. Note that our assumption 
that no two isometries in S have the same order implies that the points {Pi},c, are 
inequivalent under I. 
The group generated by S(h) acts effectively on Y as a non-elementary subgroup of 
Isom Hz. Therefore, we can choose a point p E A(r)n Y. Let pi be the geodesic segment from 
pi to p. It is easily seen that Pie hull((hgifi- ‘) {p}) c hull(A). Thus, pi c hull(A). 
We now define an equivalence relation on W4 by x - y iff fix&(x) = fix A,(y). Given 
XE W4, we write E(x) for the equivalence class of x. 
Let bi be any point in pinaE(pi). Let Ui be a neighborhood of bi such that fixT,(b,) c 
fixr,(u), VUE Ui. Choose two points ai, ciE Uinfli such that 
(i) &Jai, ci) < k(4)/3, 
(ii) ai 6 E(pi), and 
(iii) ciEE(pi) thus, fixF,(ci) = fiXA, = fiXA, = pi. 
Since pi c Y, id # hvC4) E A,(ai). Thus, fix d,(ai) c Y. By the defining condition of Ui, 
fixI,&) c fixF,(ci) = pi. Hence, pi = fixT,(bi) c fixr,(ai) c fixA, c Y. Using Condi- 
tion (ii), we conclude that fixA, = Y. This implies that A,(ai) c Stab;(Y) = (h). There- 
fore, the orders of the groups {l-Jai)} are bounded by the constant v(4)l h I. 
To apply Lemma 4.5 we need to show that the elements of the groups A,(ci) and 
A,( f (cj)) do not generate an abelian group, for any fe r and i # j. To see this, note that 
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fixA, = pi and fixA,(f(cj)) =f(pj). Hence, if A,(ci) and A,(f(cj)) commute, then 
pi = f(pj), a contradiction. 
Lemma 4.5 now implies that N,(core(W4/T)) h as infinite volume, a second contradic- 
tion. We conclude that S(h) must be a finite set. 
Step 2. Inductively define S’ = {gi}ieN c S. 
Let g1 E S’ be any isometry in S. Assume we have chosen { g1 , g2, . . . , gn _ I } c S’. Let 
g. E S’ be any isometry in S\Ui1;- ’ S(gi). By construction, S’ satisfies the condition in the 
statement of Lemma 4.6. n 
Proof of Theorem 4.1. We may assume that the isometries in I are orientation 
preserving. 
CLAIM 1. There exists an infinite set of isometries S = {gi} c r and a corresponding set 
of (compactijied) hyperbolic planes T = (Xi} such that 
(4 Bx(gi) = xi2 
(b) Igil +m, and 
(C) for any fE r and gi # gj c S, the commutator [gi,f gjf -‘I is non-trivial. 
Proof of Claim 1. We first claim that there exists an infinite set of points {xi}ip, c 
hull A(r) such that I,(xi) is a finite group, and 1 T,(xi) 1 + co. To see this, note that if this is 
not the case, then the assumption that N,(core(W4/T)) has finite volume implies that 
core(W4/r)nthick,(W4/r) is compact, a contradiction to our assumption that I is not 
geometrically finite. 
We may assume that A,(xi) is a non-trivial, finite abelian group. Hence, fix&&) is 
either a point or a hyperbolic plane in W4. The immediate goal is to find an infinite set of 
points {yj}jEJ c hull A(r) such that 1 A&j)1 + co and, Vje J, fix A,(yj) is a hyperbolic 
plane. Therefore, we may assume that ViEI, fix A,(xi) = pi, where pi is a point in W4. 
Let x be any point in the limit set of r and let pi be the geodesic segment from Xi to x. 
Since {xi} c hull A(I), we have that pi c hull A(r). 
As in the proof of Lemma 4.6, we can find points ai,ci c fli such that 
(9 dhyp(“i9 ci) < k(4)/3, 
(ii) PiS fix A,(ai), and 
(iii) fix A,(Ci) = pi. 
Note that since I AJxi) I + CO and A,(Xi) c Stab&i), we may assume that the points {pi} 
are inequivalent under I. Thus, for anyf E I and any i # j E I, the groups A,(ci) and A,( f (cj)) 
do not commute. Lemma 4.5 then implies that the set {I T,(ai) I} is not bounded. Therefore, 
we may assume that A,(ai) is non-trivial. Hence, fix A,(ai) is a hyperbolic plane and A,(ai) is 
cyclic. 
Let gi be the generator of A,(Ui) and let Xi = fiX(gi). Since lAG( -CO, the sets 
S = {gi}iE, and T = {Xi>i,I satisfy Conditions (a) and (b). By Lemma 4.6, we may assume 
that they also satisfy Condition (c). n 
Let S = {gi)is, and T = {Xi}io, be the infinite sets of isometries and (compactified) 
hyperbolic planes given in Claim 1. By Condition (b) of Claim 1, we may assume that no two 
isometries in S have the same order and thus in particular that I gj I + 0~) for any infinite 
subset {gj}jsJ c S. We may further assume that lgi I > v(4), VgiE S. 
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We now show that there exist corresponding sets of isometries S’ = {hi}ipl. c I c r and 
(compactified) hyperbolic planes T’ = { Yi),s,s c, such that 
(A) Xi-l Yi, 
(B) fix(hi) = Yi, and 
(C) min{ Igil, lhil} *a. 
To see this, choose a plane X, E T and let x, E I-I4 be a point in X,nhull A(I). For every 
XiE T\X,, let pi:W4 + Xi be the orthogonal projection map onto XinW4. Let Xi = pi(xo) 
and let fli be the closed geodesic segment from xi to x,. Observe that pi c hull A(I). Define 
a subset 6 c pi by 6 = {PEPiIfiXA,(p) c Xi}. S’ mce gi E I,(xi) and I gi I > v(4), we know 
that XiE 6. By Condition (c) of Claim 1, we can see that x, 4 KuaI’i. Let bi be the point in 
al’infii closest o x,. Let Ui be a neighborhood of bi such that fix T,(bi) c fix T,(u), VU E Ui. 
Choose points ai, ci E Uin/li such that 
(i) &ypC”i9 ci) < k(4)/3, 
(ii) ai $ Vi, and 
(iii) Ci E Vi. 
By the defining condition of Ui, we know that fix T,(bi) c Xinfix A,(ai). Since ai # Vi, this 
implies that either A,(ai) is trivial or fix A,(aJ = Yi, is a hyperbolic plane containing 
fix T,(bi). 
We claim that given anyfe I and distinct points ci and cj, the elements of A,(ci) and 
A,(f(cj)) do not generate an abelian group. To prove this claim note that fix A,(ci) c Xi and 
fiXA,(f(cj)) cf(Xj). It follows that if the groups A,(ci) and A,(f(cj)) commute, then 
Xinf(Xj) # 0. This means that dhyp(XinH4, f(Xj)nH4) = 0. Hence, we can find a point 
zi E Xi such that gi,fgjf -r E I,(zi). However, since I gi 1, lfgjf - ’ I > v(4), this implies that 
high powers of gi andfgjf - ’ commute. Therefore, Xi is orthogonal to f(Xj) and thus, the 
elements gi andfgJ - ’ themselves commute, a contradiction to Claim 1. 
We can now apply Lemma 4.5 to conclude that the set {I I,(ui)l} is not bounded. 
Therefore, we may assume that fix A,(Ui) = Yi. Hence, A,(Ui) is cyclic, generated by an 
isometry hi. Furthermore, we may assume that 1 hi I > v(4). 
Since fix T,(bi) c Xin Yi, dhyp(XinH4, YinI+“) = 0. Hence, there exists a point zi E Xi 
such that gi, hi E I,(zi). AS I gi 1, I hi I > v(4), this implies that gi and hi commute. Therefore, 
either Xi_L Yi or Xi = Yi. We can rule out the latter case since ai $ Vi. We conclude that, 
Xi and Yi are orthogonal. Let pi = XinYi. 
The isometries (gi}, {hi} and hyperbolic planes {Xi>, { Yi} satisfy Conditions (l)-(3) 
above. Since pi = XinYi c hull A(I), this completes the proof of Theorem 4.1. n 
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